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We use Lie-algebraic arguments to classify Lorentz-invariant theories of massless interacting scalars that
feature coordinate-dependent redundant symmetries of the Galileon type. We show that such theories are deter-
mined, up to a set of low-energy effective couplings, by specifying an affine representation of the Lie algebra of
physical, non-redundant internal symmetries and an invariant metric on its target space. This creates an infinite
catalog of theories relevant for both cosmology and high-energy physics thanks to their special properties such
as enhanced scaling of scattering amplitudes in the soft limit.
Dedicated to Jirˇı´ Hosˇek on the occasion of his 75th birthday.
Introduction.—Theories of the Galileon type have aroused
immense attention in the context of modified gravity [1]. The
simplest example of a Galileon field theory contains a mass-
less scalar field θ and a single interaction term, (∂µθ)2θ. It
has a number of remarkable properties. First, its Lagrangian
density is invariant up to a surface term under the coordinate-
dependent “Galilean” shift, θ(x)→ θ(x) + α+ βµxµ, where
α and βµ are constant parameters. Second, the corresponding
equation of motion is of second order, implying absence of in-
stabilities due to Ostrogradski ghosts [2]. An attractive feature
for cosmological model building is that the Galilean symme-
try together with the requirement of second-order equation of
motion strongly restricts the action, leaving only five possible
Lagrangians in four spacetime dimensions [3] (see, however,
Refs. [4, 5] for a recent discussion of observational constraints
on Galileon-like theories).
Besides cosmology, the single-field Galileon theory is also
interesting for high-energy physics. Indeed, all the five possi-
ble Lagrangians can be interpreted as so-called Wess-Zumino
(WZ) terms [6] of the Galilean shift symmetry [7]. Conse-
quently, they are free from radiative corrections and remain
exact on the quantum level [8, 9]. Moreover, the five Galileon
Lagrangians turn out to be related by a set of duality transfor-
mations [10]. Their special linear combination features a non-
trivial hidden symmetry [11]. Finally, scattering amplitudes
of the Galileon field θ vanish in the limit where the momen-
tum of one of the participating particles goes to zero (the soft
limit). This alone follows from the fact that θ can be inter-
preted as a Nambu-Goldstone (NG) boson of the shift sym-
metry, θ → θ+α [12]. However, the presence of the Galilean
shift symmetry makes the soft limit enhanced: the scattering
amplitudes vanish with the second power of momentum. The
hidden symmetry of the special Galileon further enhances its
scattering amplitudes so that they scale with the third power
of momentum [13]. These features grant the Galileon a cen-
tral position in the rapidly developing branch of high-energy
physics which studies scattering amplitudes of massless par-
ticles [14]. Theories whose scattering amplitudes feature an
enhanced soft limit are so strongly constrained that their com-
plete classification seems feasible [13, 15, 16].
The outstanding features of the original Galileon theory [3]
prompted search for its generalizations, inspired by both its
potential for cosmology and the desire the understand to what
extent it is uniquely determined by its properties. It has been
shown that the requirement of second-order equation of mo-
tion admits a much broader class of solutions than the five
WZ terms with Galilean symmetry [17]. Some modifications
of the Galileon theory, preserving its special properties in a
curved spacetime, were developed in Ref. [18].
A vast new horizon opens by considering Galileon-like the-
ories with multiple massless fields. The search for such theo-
ries, motivated by applications to cosmology, was initiated in
Ref. [19] and continued for instance in Ref. [20], following the
equation of motion line of thought. A field-theoretic approach
based on symmetry considerations was taken in Refs. [9, 21],
leading to some straightforward multi-flavor generalizations
of the original Galileon theory. The authors of Refs. [13, 16]
put forward a systematic bottom-up approach from the scat-
tering amplitude point of view. However, their technique,
based on a recursive analysis of tree-level scattering ampli-
tudes, makes it difficult to draw general conclusions, valid for
an arbitrary number of field species.
Our aim in this Letter is to classify multi-flavor Galileon-
like theories from the symmetry point of view. Note that the
Galilean shift symmetry θ(x) → θ(x) + α + βµxµ does not
commute with the Poincare´ group, and as such has to be spon-
taneously broken [22]. Yet, it does not give rise to an indepen-
dent NG mode. Such symmetries are dubbed redundant and
have been studied intensively [23]. Taking the presence of a
redundant symmetry as the defining property of a “Galileon-
like” theory leads to the following question: given a set of
massless scalars—NG bosons—and the associated physical
internal symmetry, what additional, redundant symmetries can
be consistently imposed on the system? We answer this ques-
tion by solving the Lie-algebraic consistency constraints on
the commutators of the symmetry generators. Furthermore,
we construct three concrete classes of theories satisfying all
the symmetry constraints, two of which generalize the known
multi-Galileon and multi-flavor Dirac-Born-Infeld (DBI) the-
ories. As a corollary of our work, we map the landscape of
theories of multiple massless scalars whose scattering ampli-
tudes feature an enhanced soft limit [24].
Geometry of redundant symmetries.—Consider a Poincare´-
invariant theory of one or more massless scalars (NG bosons).
Its symmetry generators include the angular momentum Jµν ,
momentum Pµ, along with the internal symmetry generators
Qi, which are assumed to satisfy [Pµ, Qi] = 0. This condi-
tion holds for most Lorentz-scalar symmetries in physics; its
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2violation tends to lead to nonvanishing scattering amplitudes
in the soft limit [25]. With this restriction, the commutators
of all the listed generators are fixed by Lorentz invariance, ex-
cept for the internal symmetry algebra, [Qi, Qj ] = ifkijQk.
How can the symmetry be augmented with a set of additional,
redundant generators? It is known [26] that for the new gener-
ators to be redundant, their commutator with Pµ must be a lin-
ear combination of Qi, so they must be Lorentz vectors [27].
A trivial example is the linear Galilean shift, corresponding to
the parameter βµ.
We therefore add to our theory a set of generators KµA, the
index A indicating their multiplet structure, related in some
yet unknown way to the algebra of Qi. Lorentz invariance
now fixes the value of [Jµν ,KλA] and restricts the remaining
commutators among the generators to
[Pµ,KνA] = i(aiAgµνQi + bAJµν + b¯AµνκλJ
κλ), (1)
[KµA,KνB ] = i(gABJµν + g¯ABµνκλJκλ + ciABgµνQi),
[KµA, Qi] = i(dAiPµ + eBAiKµB),
with as yet undetermined coefficients aiA, . . . . In order for the
addition of the generatorsKµA to be consistent, the full Lie al-
gebra must satisfy a set of Jacobi identities. A straightforward
calculation shows that bA = b¯A = g¯AB = 0. The remaining
coefficients can be nonzero, but are restricted by a set of con-
ditions that can be equivalently expressed as follows (see the
Appendix for the list of constraints from Jacobi identities).
First, define a set of linear combinations
QA ≡ aiAQi, QAB ≡ ciABQi. (2)
The commutation relations between Pµ, KµA, QA and QAB
necessarily take the form
[Pµ,KνA] = igµνQA,
[KµA,KνB ] = i(gABJµν + gµνQAB),
[KµA, QB ] = − igABPµ,
[KµC , QAB ] = i(gACKµB − gBCKµA),
[QA, QB ] = 0,
[QAB , QC ] = i(gBCQA − gACQB),
[QAB , QCD] = i(gADQBC + gBCQAD
− gACQBD − gBDQAC).
(3)
The first commutator is nothing but a multi-flavor generaliza-
tion of the Galileon algebra. We therefore expect QA to play
the role of shift symmetries, acting on a space of Galileon-like
fields θA, which we will refer to as the Galileon space. Next,
introduce the set of block matrices
(Ti)
A
B ≡
( −ieABi 0
dBi 0
)
. (4)
These define a set of affine maps (combinations of linear trans-
formations and translations) on a vector space, isomorphic to
the Galileon space. Given that [Ti, Tj ] = ifkijTk, the matrices
Ti generate an affine representation of the Lie algebra of Qi.
In addition, they define the adjoint action of Qi on QA and
QAB . By grouping the latter two as,
LAB ≡
(
QAB iQA
−iQB 0
)
, (5)
we get an object that transforms as a rank-two antisymmetric
tensor under the representation Ti, that is,
[Qi, LAB ] = (T
T
i L+ LTi)AB . (6)
Altogether, the most general symmetry algebra, obtained by
augmenting an internal symmetry with a set of redundant gen-
eratorsKµA, is fully determined by: (i) the algebra of internal
generators Qi, (ii) its affine representation Ti, (iii) the matrix
gAB which forms an invariant rank-two symmetric tensor of
the representation Ti.
The last four lines in Eq. (3) are a facsimile of the Poincare´
algebra, except that they refer to the Galileon space and use
the metric gAB . Altogether, the commutators listed in Eq. (3)
together with those of the Poincare´ group admit a remarkable
geometric interpretation: they generate the group of isome-
tries of the direct sum of the flat Minkowski spacetime and
the Galileon space, equipped with the metric gµν ⊕ gAB . The
generators QA naturally represent translations and QAB rota-
tions in the Galileon space, and KµA generate rotations be-
tween the Minkowski and the Galileon space. This picture is
strongly reminiscent of the probe brane construction of DBI
and Galileon actions [28]. It should, however, be treated with
some care: it is, for instance, not a priori guaranteed that the
“metric” gAB is nonsingular or that all the generators QAB
are linearly independent, or even nonzero.
This is our main result, which is fully general, only assum-
ing that the physical symmetry generators Qi commute with
the whole Poincare´ group and that all the redundant genera-
tors are Lorentz vectors. Although we only discussed the Lie
algebra of symmetry generators so far, for spontaneously bro-
ken symmetries this fixes the action, and thus all physical ob-
servables, up to a set of low-energy effective couplings [12].
It is necessary to clarify, though, for which of the found Lie
algebras a nontrivial action in fact exists.
Generalized Dirac-Born-Infeld theory.—To find an answer
to the above question, let us first assume that the metric gAB is
nonsingular. Its inverse, gAB , must also be invariant under the
representation Ti. The generators Qi can then be redefined as
Q˜i ≡ Qi + dAigABQB ; (7)
their commutators with other generators, cf. Eq. (6), reduce to
[Q˜i,KµA] = (ti)
B
AKµB , [Q˜i, QA] = (ti)
B
AQB ,
[Q˜i, QAB ] = (ti)
C
AQCB + (ti)
C
BQAC ,
(8)
where (ti)AB ≡ −ieABi is a linear representation of Qi. Since
Q˜A ≡ aiAQ˜i = 0, the scalar generators split into two sets: the
shift generators QA and those of Q˜i that are nonzero. (QAB
3are included among these thanks to Q˜AB ≡ ciABQ˜i = QAB .)
The Q˜i still define a closed Lie algebra, [Q˜i, Q˜j ] = ifkijQ˜k.
Owing to Eq. (8), the symmetry algebra has the structure of a
semidirect sum, where the subalgebra of Q˜i acts on the other
generators through the representation ti. In this case, the sym-
metry structure of the theory is thus fixed by giving: (i) the Lie
algebra of Q˜i, (ii) its representation ti, (iii) the metric gAB .
To proceed towards a construction of concrete actions, we
use the method of nonlinear realizations, known as the coset
construction [29], in the version valid for spacetime symme-
tries [30]. Denoting the broken generators among the Q˜i as
Q˜a, we parameterize the coset space as
U(x, θ, ξ) ≡ eixµPµeiθAQAeiξµAKµAeiθaQ˜a . (9)
Invariant actions can be built using the Maurer-Cartan (MC)
form, ω ≡ −iU−1dU . This can be decomposed in the basis
of symmetry generators, the most interesting components for
our purposes being ωµPPµ and ω
A
QQA. Introducing the short-
hand notation ĉh(x) ≡ cosh√x and ŝh(x) ≡ sinh√x/√x,
and the matrices Π νµ ≡ gABξAµ ξνB and q BA ≡ gACξµCξBµ ,
these components of the MC form can be expressed as
ωµP = dx
ν(ĉh Π) µν − dθAgABξνB(ŝh Π) µν , (10)
ωAQ = (e
−iθata)AB
[
dθC(ĉhq) BC − dxµξCµ (ŝhq) BC
]
.
The latter can be used to eliminate the unphysical fields ξµA
by imposing an inverse Higgs constraint (IHC) [26, 31]. Set-
ting ωAQ = 0, the ξ
µA are thus given implicitly by solving the
algebraic equation ∂µθA = ξBµ (ŝhq/ ĉhq) AB . The ωµP de-
fines a covariant vielbein eαµ by ω
α
P ≡ eαµdxµ. This in turn
leads to the metric Gµν ≡ gαβeαµeβν . The leading-order ac-
tion is obtained by integrating the invariant volume element,
d4x
√−|G|, and upon solving the IHC becomes
SDBI =
∫
d4x
√
−∣∣gµν − gAB∂µθA∂νθB∣∣. (11)
This is the action of the multi-flavor DBI theory as outlined
e.g. in Ref. [16]. It describes a four-dimensional brane em-
bedded in a (4 + N)-dimensional flat spacetime, with the in-
duced metric Gµν on the brane. The N NG modes θA arise
from the N spontaneously broken translations, QA, in the ex-
tra dimensions. In the case of N = 1, Eq. (11) can be cast as
SDBI =
∫
d4x
√
1− v(∂µθ)2, where v ≡ gA=1,B=1 [13].
The multi-flavor DBI theory discussed in Ref. [16] is based
on the assumption that the extra-dimensional rotations gen-
erated by QAB remain unbroken, and that there are no other
Lorentz-scalar symmetry generators apart fromQA andQAB .
These assumptions are not required in our construction. The
presence of other broken generators than QA leads to addi-
tional NG modes, θa. While these do not enter the action (11),
they do appear in the general DBI-like action, taking the form
SDBI-like =
∫
d4x
√
−|G|Linv(θA, θa), (12)
where Linv is an invariant Lagrangian density, built using the
remaining components of the MC form: ωµνJ , ω
A
Kµ, ω
i
Q˜
. One
can e.g. take as Linv a Lagrangian for θa alone, constructed
using standard methods [29], provided that indices inside are
contracted using Gµν . The simplest example of such a theory
corresponds to taking N = 1 and a single, spontaneously bro-
ken generator Q˜ with the associated NG field φ. The minimal
interaction between θ and φ arises from the action
SDBI-like =
∫
d4x
√
−|G|Gµν∂µφ∂νφ, (13)
where Gµν = gµν − v∂µθ∂νθ.
Generalized Galileon theory.—To concretely work out an-
other infinite class of theories that fit into our general frame-
work, let us assume that dAi = 0. This assumption is natural:
by means of the Jacobi identities, it implies gAB = 0 (see the
Appendix), and hence makes Qi and KµA form a closed Lie
algebra. This is the most general Lie algebra structure where
both Qi and KµA generate an internal symmetry.
For the sake of simplicity, we will for the moment also as-
sume that ciAB = 0, that is, QAB = 0. Such systems are then
described by an extremely simple structure,
[Pµ,KνA] = igµνQA,
[Qi,KµA] = (ti)
B
AKµB , [Qi, QA] = (ti)
B
AQB ,
(14)
along with [QA, QB ] = [KµA,KνB ] = [KµA, QB ] = 0. All
the commutators are now determined by specifying: (i) the
algebra of generators Qi, (ii) its Abelian ideal generated by
QA. Finally, we will assume that, as for the DBI-like theories,
all the generators Qi can be split into subsets Q˜i and QA such
that the Q˜is themselves form a closed subalgebra [32].
The action for such theories can be obtained as above, using
the parameterization (9) of the coset space. In this parameter-
ization, we obtain the Galileon-like transformation rule under
QA and KµA, θA → θA + αA + βAµ xµ. The generators Q˜i,
though, act on θA and ξµA linearly through the matrices ti.
The only nontrivial pieces of the MC form are
ωAKµ = (e
−iθata)ABdξ
B
µ ,
ωAQ = (e
−iθata)AB(dθ
B − ξBµ dxµ),
(15)
together with the MC form for Q˜i, ωiQ˜.
The auxiliary fields ξµA are eventually eliminated by using
the IHC ωAQ = 0, that is, ξ
A
µ = ∂µθ
A. It turns out that the
whole class of theories possesses a set of WZ terms, invariant
under the symmetry only up to a surface term [33],
LWZk = cA1···Akθ
A1GA2···Akk−1 , (16)
where G0 ≡ 1 and Gk for k = 1, 2, 3, 4 are defined by
GA1···Akk ≡
1
(4− k)!α1···αkµk+1···µ4
β1···βkµk+1···µ4
× (∂β1∂α1θA1) · · · (∂βk∂αkθAk);
(17)
4cA1···Ak must be fully symmetric invariant tensors of the rep-
resentation ti. Existing multi-Galileon Lagrangians [7] cor-
respond to the special case where the generators Q˜i are un-
broken, forming a compact Lie algebra such as SO(N) or
SU(N). For an SO(N) vector of fields θA, for instance, only
LWZ2 andL
WZ
4 exist, for which respectively cAB = δAB and
cABCD = δABδCD + δACδBD + δADδBC . Eq. (16) is fully
general in that it applies to an arbitrary Lie algebra, generated
by Q˜i, and its arbitrary real (finite-dimensional) representa-
tion ti, and allows for Q˜i to be spontaneously broken.
As for the DBI theory (11), the WZ terms (16) are blind
to the θa fields, regardless of the symmetry-breaking pattern.
Interactions between the Galileon and non-Galileon sector en-
ter only through the strictly invariant part of the Lagrangian,
and can be constructed by taking a product of ωAKµ and ω
a
Q˜
or their derivatives. These invariant Lagrangians realize the
enhanced soft limit of scattering amplitudes of the Galileon
modes trivially in that they only contain operators with at least
two derivatives on each θA.
Twisted Galileon theory.—We shall now restore the gener-
ators QAB , otherwise keeping the same assumptions as in the
construction of the generalized Galileon theory. The resulting
Lie algebra features a twisted commutator,
[KµA,KνB ] = igµνQAB . (18)
Eq. (14) still holds, and QAB transforms as a rank-two tensor
under the adjoint action of Qi. All the generators QA and
QAB commute with each other and with KµC .
The coset construction proceeds as above upon the replace-
ment eiθ
AQA → eiθAQAe i2 θABQAB in Eq. (9), where θAB are
NG fields for those of the QAB generators that are sponta-
neously broken. All our conclusions reached in the discussion
of the generalized Galileon theory—Eq. (15) and below—
remain valid. However, the new component of the MC form,
ωABQ = (e
−iθata)AC(e
−iθbtb)BD
× [dθCD + 12(ξCµ dξµD − ξDµ dξµC)], (19)
automatically induces interactions of the Galileon modes θA
with the non-Galileon modes θAB . The entanglement of the
θA and θAB sectors is due to the transformation of θAB under
KµA, which reads θAB → θAB− 12 (βAµ ξµB−βBµ ξµA). Upon
imposing the IHC, ξAµ = ∂µθ
A, a Lagrangian built up from
ωABQ will contain less than two derivatives per θ
A.
The simplest example of such a theory is obtained by tak-
ing SO(2) for the algebra of Q˜i and assuming that it remains
unbroken. Then, QA reduces to an SO(2) vector Q1, Q2, and
QAB to an SO(2) singlet Q12. The resulting interaction La-
grangian, complementing the pure Galileon WZ terms, reads
Ltwist =
1
2
[
∂µθ
12+ 12
(
∂νθ1∂µ∂νθ
2−∂νθ2∂µ∂νθ1
)]2
. (20)
Interestingly, the scattering amplitudes of θ1, θ2 in this theory
do not have an enhanced soft limit in spite of the Galilean shift
symmetry, acting on these fields. This can be attributed to the
cubic part of the Lagrangian (20), which leads to collinear sin-
gularities in the soft limit [13]. We expect the same behavior
for all twisted Galileon theories.
Conclusions.—Under only very mild assumptions, we have
found the most general symmetry structure, admitting a set of
generators which, though spontaneously broken, do not give
rise to NG bosons. We thereby mapped the landscape of pos-
sible theories of multiple massless scalars whose scattering
amplitudes exhibit an enhanced soft limit [13]. Our results re-
duce the construction of such theories to the problem of find-
ing an affine representation of the Lie algebra of physical in-
ternal symmetries and an invariant metric on its target space.
Intriguingly, our analysis singles out the multi-Galileon and
multi-flavor DBI theories as possibly the only systems where
the scattering amplitudes of all the modes have an enhanced
soft limit. We stress, however, that our discussion of the solu-
tions to the Lie-algebraic constraints was not exhaustive. The
gap for some options not considered here is narrowed down,
or closed, in the Appendix. This includes systems where the
metric gAB is singular but nonzero, algebras of the type (14)
where the non-Galileon generators Q˜i do not form a closed
subalgebra, and algebras of the type (18) where the genera-
tors QAB are not linearly independent of QA.
Finally, our analysis was restricted to Lorentz-invariant the-
ories, yet our Lie-algebraic approach can be applied equally
well to nonrelativistic systems. In condensed-matter physics,
there is a plethora of naturally occurring redundant symme-
tries such as Galilei boosts or rotations in crystalline solids.
The need to understand the consequences of such symmetries
provides a strong motivation for an extension of the present
results, which will be addressed in our future work.
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APPENDIX
Constraints on the symmetry algebra from Jacobi identities
Here we provide some details behind the geometric picture
of symmetry algebras with redundant generators, developed
in the main text. We take as our starting point the ansatz for
commutation relations of the generators Jµν , Pµ, KµA, Qi
in Eq. (1) of the main text. The commutators of a given Lie
algebra must satisfy, apart from bilinearity and antisymmetry,
the Jacobi identity
[X, [Y,Z]] + [Y, [Z,X]] + [Z, [X,Y ]] = 0 (21)
for any choice of generators X , Y , Z. By inserting in turn all
possible triples of generators, a straightforward, albeit some-
what tedious, calculation leads to bA = b¯A = g¯AB = 0 as
well as the following set of nonlinear constraints,
eCAie
B
Cj − eCAjeBCi = fkijeBAk, (22)
5aiAe
B
Ci = 0, (23)
eBAia
k
B + a
j
Af
k
ij = 0, (24)
eBAidBj − eBAjdBi = fkijdAk, (25)
gAB = −aiAdBi, (26)
gAB = −aiBdAi, (27)
eCBigAC + e
C
AigCB = 0, (28)
gACδ
D
B − gBCδDA = ciABeDCi, (29)
ciABdCi = 0, (30)
eCAic
k
CB + e
C
Bic
k
AC − akAdBi + akBdAi = −fkijcjAB . (31)
Some of these constraints have an obvious interpretation.
For instance, Eq. (22) guarantees that the matrices (ti)AB ≡
−ieABi define a representation of the algebra of the internal
generators Qi with the structure constants fkij . By Eq. (23),
the generators QA ≡ aiAQi then vanish in this representation.
Eq. (24) is equivalent to the relation
[Qi, QA] = (ti)
B
AQB . (32)
Together, the latter two conditions ensure that
[QA, QB ] = 0. (33)
Next, Eq. (31) is equivalent to the commutator
[Qi, QAB ] = (ti)
C
AQCB+(ti)
C
BQAC+i(dBiQA−dAiQB),
(34)
where QiAB ≡ ciABQi. Eq. (32) and (34) together are then
encoded in Eq. (6) of the main text. Likewise, Eqs. (23), (26)
and (27) together are equivalent to the constraint
[KµA, QB ] = −igABPµ (35)
with symmetric gAB . Eqs. (29) and (30) together are equiva-
lent to
[KµC , QAB ] = i(gACKµB − gBCKµA). (36)
Eq. (25) is required to ensure (and follows from) that the ma-
trices Ti, defined in Eq. (4) of the main text, form a represen-
tation of the Lie algebra of Qi. Finally, Eq. (28) guarantees
that the matrix gAB is an invariant tensor of the representation
ti. This is, in fact, not an independent constraint: it follows as
a necessary consequence from Eqs. (23)–(26).
This concludes the proof that all the constraints following
from the Jacobi identities can be obtained from the commu-
tation relations, listed in Eqs. (3)–(6) of the main text. That
the opposite implication also holds will be asserted once we
have proven the last two commutators in Eq. (3) of the main
text. The first of them is obtained by multiplying Eq. (32) by
ciBC and using Eq. (29). The second commutator then follows
analogously from Eq. (34) with additional use of Eq. (30).
Altogether, we have shown that Eqs. (2)–(6) in the main
text are an equivalent representation of the set of constraints
following from the Jacobi identities for the generators of the
symmetry algebra.
Galileon Lagrangians from the DBI theory
The multi-Galileon Lie algebra, given in Eq. (14) of the
main text, can be obtained from the multi-flavor DBI algebra
by setting QAB = 0 and going to the limit gAB → 0. This
raises the possibility that also the multi-Galileon Lagrangians
can be obtained by taking a similar limit from their DBI coun-
terparts (see also Ref. [28]). For instance, the leading-order
DBI action,
∫
d4x
√−|G|, when expanded in powers of gAB ,
yields
S =
∫
d4x
(
1− 1
2
gAB∂µθ
A∂µθB
)
+O(g2). (37)
The O(g1) piece herein is precisely the second Galileon La-
grangian which provides a kinetic term for the fields θA.
To understand why this procedure leads to the Galileon La-
grangians, which after all are WZ terms indicating a nontrivial
realization of the Galilean shift symmetry, let us have a look at
the transformation properties of the fields. The transformation
rules are obtained from the coset parameterization, Eq. (9) of
the main text. While the spacetime translations and the in-
ternal transformations generated by QA act trivially as a shift
of xµ and θA, respectively, the transformations generated by
KµA are essential. Multiplying U from the left by eiβ
µAKµA
we obtain, after some algebra, the rules
xµ → xν(ĉh Πβ) µν + θAgABβνB(ŝh Πβ) µν ,
θA → θB(ĉhqβ) AB + xµβBµ (ŝhqβ) AB ,
(38)
where (Πβ) νµ ≡ gABβAµ βνB and (qβ) BA ≡ gACβµCβBµ .
In fact, an infinitesimal version of these transformation rules
is sufficient for our purposes, and easier to work with,
xµ → xµ + θAgABβµB +O(gβ2),
θA → θA + xµβAµ +O(gβ2).
(39)
In the limit gAB → 0, these naturally reproduce the transfor-
mation under the KµA generator of the Galileon algebra.
Now the O(g0) piece of the DBI action (37) changes by a
mere Jacobian, d4x → d4x(1 + gAB∂µθAβµB + · · · ). This
is exactly what is needed to cancel the surface term that arises
from the transformation of the O(g1) part of the action. A
similar argument relates the other Galileon Lagrangians to the
higher-order DBI actions. We can thus understand the origin
of the Galileon Lagrangians and their WZ nature by starting
from the DBI algebra and action and performing the appropri-
ate contraction on them.
Let us now see if genuinely new theories can be constructed
for which gAB is nonzero yet not invertible. Rather than trying
to solve all the Lie-algebraic constraints in the full generality,
we will again take the multi-flavor DBI theory as the starting
point and then take the limit in which some of the components
of the metric gAB vanish.
First of all, gAB can be assumed diagonal without loss of
generality. (Being real and symmetric, it can always be diag-
onalized by a change of basis of the generators QA.) We now
6want to send some of the eigenvalues of gAB to zero, while
keeping the others fixed. Let us for the sake of simplicity con-
sider the simplest case of two NG fields θA with
gAB =
(
1 0
0 
)
. (40)
The infinitesimal symmetry transformation (39) becomes
xµ → xµ + θ1βµ1 + θ2βµ2 + · · · ,
θA → θA + xµβAµ + · · · ,
(41)
which in the limit → 0 corresponds to a DBI-like symmetry
acting on θ1 and a Galileon-like symmetry acting on θ2. The
DBI action
∫
d4x
√−|G|, expanded in , leads to
S =
∫
d4x
√
1− (∂µθ1)2
(
1− 
2
Gµν0 ∂µθ
2∂νθ
2
)
+O(2)
≡ S0 + S1 + 2S2 + · · · , (42)
where
(G)µν ≡ gµν − ∂µθ1∂νθ1 − ∂µθ2∂νθ2. (43)
The variation of the full action under the symmetry transfor-
mation (41) must vanish order by order in . This means in
particular that the S0 piece must be invariant in the  → 0
limit, whereas the O(1) part of the variation of S0 must can-
cel the  → 0 limit of the variation of S1, and so on. How-
ever, it is easy to check that the O(1) variation of S0 is not
a surface term anymore, owing to the fact that it is not given
merely by the Jacobian of the coordinate transformation. Con-
sequently, S1 is no longer invariant on its own.
An explicit inversion of the metric (G)µν gives
S1 = −1
2
∫
d4x
[
(∂µθ
2)2
√
1− (∂νθ1)2 + (∂µθ
1∂µθ2)2√
1− (∂νθ1)2
]
.
(44)
This describes a coupling of the DBI scalar θ1 to a second NG
mode, θ2. However, the latter does not have the features of
the Galileon: the action is not invariant under its shift linear in
the coordinate, and its scattering amplitudes only vanish with
the first power of momentum; their soft limit is not enhanced.
Although we have only worked out explicitly a very sim-
ple example, the same argument can clearly be applied to the
general case of gAB having both zero and nonzero eigenval-
ues. We therefore conclude that while the multi-flavor DBI
and the multi-Galileon theory are robust solutions of the Lie-
algebraic constraints (22)–(31), a naive attempt at construct-
ing a “mixed” system, interpolating between the two limits,
fails. Such systems, if possible at all, would require a more
thorough analysis.
Galileon algebras with central extension
In the discussion of the Galileon-like algebras, Eq. (14) of
the main text, we assumed that the scalar generators can be
split up into subsets Q˜i and QA such that the Q˜is themselves
form a closed subalgebra. In fact, there is an infinite class of
Lie algebras that do not satisfy this assumption. The simplest
example of such algebras, which we will now discuss in some
detail, occurs when the representation ti is trivial. The algebra
of the scalar generators then reads
[Q˜i, Q˜j ] = ifkijQ˜k + if
A
ijQA, [Q˜i, QA] = [QA, QB ] = 0,
(45)
where Q˜i is a maximal subset of Qi that is linearly indepen-
dent of QA. Algebras of this type can be thought of as central
extensions of the algebra of the Q˜is alone, where theQAs play
the role of central charges. They can be fully classified by the
second cohomology of the Q˜i algebra, see e.g. Ref. [34].
We can now imagine carrying out the coset construction as
in the main text, using Eq. (9) therein as the coset parameter-
ization. This leads to the MC form that serves as the basic
building block for construction of invariant actions. The com-
ponents of the MC form satisfy a set of so-called MC equa-
tions, whose form only depends on the commutation relations
among the generators,
dωAQ = ω
µ
P ∧ ωAKµ +
1
2
fAjkω
j
Q˜
∧ ωk
Q˜
,
dωi
Q˜
=
1
2
f ijkω
j
Q˜
∧ ωk
Q˜
,
(46)
along with dωµP = dω
A
Kµ = 0.
At the end of the day, ωAQ is eliminated by imposing the
IHC, upon which ωAKµ = dξ
A
µ only depends on a second
derivative of θA. It is therefore not possible to write down
an invariant Lagrangian that would include a kinetic term for
the θA fields. For systems that, unlike the DBI theories, have a
trivial vielbein, the kinetic term for θA has to come from some
WZ term. This imposes strong constraints on the existence of
perturbatively well-defined theories for the θA fields.
In four spacetime dimensions, the WZ terms are obtained
from closed invariant 5-forms that belong to the cohomology
of the coset space of the broken symmetry. In case of algebras
of the type (45) with fAij = 0, there are five linearly indepen-
dent 5-forms that are closed and invariant,
ω15 = κλµνcAω
A
Q ∧ dxκ ∧ dxλ ∧ dxµ ∧ dxν ,
ω25 = κλµνcABω
A
Q ∧ ωBκK ∧ dxλ ∧ dxµ ∧ dxν ,
ω35 = κλµνcABCω
A
Q ∧ ωBκK ∧ ωCλK ∧ dxµ ∧ dxν ,
ω45 = κλµνcABCDω
A
Q ∧ ωBκK ∧ ωCλK ∧ ωDµK ∧ dxν ,
ω55 = κλµνcABCDEω
A
Q ∧ ωBκK ∧ ωCλK ∧ ωDµK ∧ ωEνK .
(47)
These are in one-to-one correspondence to the five different
multi-flavor Galileon terms in four spacetime dimensions, see
Ref. [7]. Since both ωAQ and ω
A
Kµ contain one factor of θ
A, the
kinetic term for the θA fields comes from ω25 .
With fAij 6= 0, these forms are no longer closed. We can,
however, hope to restore their closedness by adding analogous
5-forms with ωi
Q˜
in place of ωAQ, so that the contributions pro-
portional to ωj
Q˜
∧ ωk
Q˜
coming from dωAQ and dω
i
Q˜
cancel each
7other. Let us see how this could be used to construct a kinetic
term for θA. To that end, we use the 5-form
ω˜25 = κλµν(cABω
A
Q+ciBω
i
Q˜
)∧ωBκK ∧dxλ∧dxµ∧dxν . (48)
This form is closed if and only if the following condition is
satisfied,
cABf
A
jk + ciBf
i
jk = 0. (49)
cAB must be non-singular in order to give a kinetic term for
all the fields θA, hence we can use it as a metric to raise and
lower indices. The above condition can then be solved for fAij ,
fAij = −c Ak fkij . (50)
Upon a redefinition of the generators,
Q˜′i ≡ Q˜i − c Ai QA, (51)
we then find that [Q˜′i, Q˜
′
j ] = if
k
ijQ˜
′
k. In other words, a WZ
term giving a kinetic term for the θA fields only exists if the
central extension of the algebra of Q˜i is trivial. Nontrivial
central extensions represent an obstruction that rules out the
existence of a perturbatively well-defined field theory.
Contracted twisted Galileon algebras
In the construction of the twisted Galileon theories, based
on Eq. (18) of the main text, we implicitly assumed that the
generatorQAB appearing on the right-hand side therein is lin-
early independent of the Galilean shift generators QA. That
is, however, not necessary. By giving up this assumption, we
might hope to construct genuinely new theories that do not
contain any other massless scalars than the Galileon modes,
whose scattering amplitudes are guaranteed to have an en-
hanced soft limit.
Let us therefore assume that
QAB = λ
C
AB QC , (52)
where λ CAB is a set of a priori undetermined coefficients. We
can think of this as a contraction of the twisted Galileon alge-
bra that does not contain any additional scalar generators. In
order for this to be consistent with Eqs. (32) and (34) (with
dAi = 0), the coefficients λ CAB must satisfy the condition
(ti)
D
Aλ
C
DB + (ti)
D
Bλ
C
AD − (ti)CDλ DAB = 0, (53)
which expresses the invariance of λ CAB under the represen-
tation ti of the internal symmetry.
The coset construction now proceeds as in the main text,
resulting in a modification of the MC form, Eq. (15) therein,
ωAQ = (e
−iθata)AB
(
dθB− ξBµ dxµ+ 12λ BCD ξCµ dξµD
)
; (54)
the other components of the MC form remain unchanged.
This will at the end of the day lead to a rather involved IHC,
ξAµ = ∂µθ
A +
1
2
λ ABC ξ
B
ν ∂µξ
νC , (55)
which fixes ξAµ in terms of θ
A through the solution of a nonlin-
ear differential equation. The invariance of this IHC is guar-
anteed by a modified transformation of θA under KµA,
θA → θA + βAµ xµ −
1
2
λ ABC β
B
µ ξ
µC , (56)
along with the unchanged ξAµ → ξAµ + βAµ .
This is not the only complication we have to face. The MC
equations now take the form
dωAKµ = −iΩAB ∧ ωBKµ,
dωAQ = ω
µ
P ∧ ωAKµ − iΩAB ∧ ωBQ +
1
2
λ ABC ω
B
Kµ ∧ ωµCK ,
dωi
Q˜
=
1
2
f ijkω
j
Q˜
∧ ωk
Q˜
, (57)
where ΩAB ≡ ωiQ˜(ti)AB . The Galileon 5-forms (47) will no
longer be closed for generic λ CAB , and it is not possible to
restore their closedness by adding terms proportional to ωi
Q˜
.
Imposing the closedness of the Galileon forms as a constraint
on λ CAB does not seem to have any solution with nonzero
λ CAB except for one spacetime dimension. There, the 2-form
ω22 = cABω
A
Q ∧ ωBK (58)
is invariant and closed provided cAB is a symmetric rank-two
invariant tensor and cD[Aλ DBC] = 0. This is solved for in-
stance by setting λ CAB = δ
C
A − δCB . It is, however, still non-
trivial to solve the IHC (55) in order to give an explicit, local
form of the Lagrangian in terms of θA alone.
We conclude that contracting the twisted Galileon algebra
via Eq. (52) is unlikely to lead to physically interesting, pertur-
batively well-defined theories in four spacetime dimensions.
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